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Abstract. Let A4 be a von Neumann algebra equipped with a faithful normal 
semi- finite trace r and let Sq(t) be the algebra of all r-compact operators 
affiliated with M. Let E(t) C Sq(t) be a symmetric operator space (on M) 
and let £ be a symmetrically-normed Banach ideal of T-compact operators 
in M. We study (i) derivations <5 on Ai with the range in E(t) and (ii) 
derivations on the Banach algebra £. In the first case our main results assert 
that such derivations are continuous (with respect to the norm topologies) and 
also inner (under some mild assumptions on E(t)). In the second case we show 
that any such derivation is necessarily inner when M is a type / factor. As 
an interesting application of our results for the case (i) wc deduce that any 
derivation from M into an L p -space, L P (M, r), (1 < p < oo) associated with 
M is inner. 

1. Introduction 

It is well known [22j Lemma 4.1.3] that every derivation on a C*-algebra A is 
norm continuous. In fact, this also easily follows from another well known fact 
[221 Corollary 4.1.7] that every derivation on A realized as a *-subalgebra in the 
algebra B(H) of all bounded linear operators on a Hilbert space H is given by 
a reduction of an inner derivation on a von Neumann algebra M. — A (the 
closure of A in the weak operator topology on B(H)). In the special setting when 
A = IC(H) (the ideal of all compact operators on H) and M. = B(H), the latter 
result states that for every derivation S on A there exists an operator a 6 B(H) 
such that 5(x) = [a, x] for every x G IC(H). The ideal IC(H) is a classical example of 
a so-called symmetrically-normed operator ideal in B{H) (see [12l [13l l23l l24l [15] ). 
Any such ideal £ ^ IC(H) is a Banach *-algcbra (albeit not a C*-algebra) and two 
natural questions immediately suggested by this discussion arc as follows. 

Question 1. Let £ S 1C(H) be a symmetrically-normed ideal of compact operators 
on H and let 5: £ — > £ be a derivation on £. Is S continuous with respect to a 
symmetric (Banach) norm \\ ■ \\s on £? 

Question 2. Does there exist an operator a £ B(H) such that 5(x) = [a, x] for 
every x £ £ ? 

Of course, a positive answer to Qucstion[2]implics also a positive answer to Ques- 
tion [T] However, in this paper, we are establishing a positive answer to Question 
[2] via firstly answering Question [1] in positive. In fact, we consider a much more 
general situation when B(H) is replaced with an arbitrary von Neumann algebra 
A4 and an arbitrary symmetrically-normed ideal £ in A4 is replaced with a Banach 
A^-bimodulcs of r-compact operators affiliated with M (here r is a faithful normal 
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scmifinite trace on A4). In particular, we study in depth the situation when such 
a bimodule is a symmetric space of r- measurable operators (see [20l |30j [15] ) which 
is an extension of the classical study of symmctrically-normcd ideals of compact 
operators. In the setting of r-measurable operators, we also contribute to some 
open questions in the literature as follows. Let us consider the classical example 
of the algebras S(0, 1) (respectively, Loo(0, 1)) of of all (classes) of Lebesgue (re- 
spectively, essentially bounded) measurable functions on the interval [0, 1]. Denote 
D(0, 1) the subset of S(0, 1), consisting of all classes containing a function having a 
finite derivative (that is ^)almost everywhere. Obviously, D(0, 1) is a subalgebra in 
S(0, 1) and we have a correctly defined linear mapping 5 : D(0, 1) h-> 5(0, 1), given 
by S(f)(t) = /'(f) for all f G (0, 1), for which the finite derivative /' of / exists. It 
is easy to verify that S is a derivation, which we still denote ^ . Motivated by this 
observation, Sh.Ayupov (see [3) [2]) suggested to study derivations in the setting 
of algebras of of r-measurable operators and came up with the following explicit 
question. 

Question 3. Is any derivation S on the algebra of all r- measurable operators 
affiliated with an arbitrary von Neumann algebra M. necessarily inner? 

In the setting when M is commutative, e.g. when M. = Loo(0, 1), in view of the 
fact that every inner derivation on S(0, 1) vanishes, this question asks whether any 
non-trivial derivation on such an algebra exists. This question, in the setting of the 
algebra S(0, 1), was settled in the affirmative in [3] where it is established that there 
exists a multitude of non-trivial derivations from L oo (0, 1) into ,5(0,1) extending 
4t. Our contribution in this paper shows that the range of every such non-trivial 
derivation 5 on Lqo(0, 1) is not contained in any Banach Loo(0, l)-bimodule in the 
algebra S(0, 1) (see Corollary IT5j) . 



For details on the von Neumann algebra theory, the reader is referred to e.g. 



2.1. The algebra of r-measurable operators. Let M. be a von Neumann alge- 
bra on a Hilbert space H equipped with a semi-finite normal faithful trace r. The 
set of all self-adjoint projections in Ai is denoted by V(A4). The commutant of 
M is denoted by Ml . A linear operator x : D (x) — »• H, where the domain D (x) 
of x is a linear subspace of H, is said to be affiliated with M. (notation xnM) if 
yx C xy for all y G M! . For every self-adjoint operator xrjM, we have e x C V (M) 
(here e x denotes the spectral measure of x). Furthermore, if x is a closed operator 
in H with the polar decomposition x — u\x\ and xr/A4, then u £ A4 and |x|t7.M 

Recall that a closed and densely defined linear operator x on H is called r 
-measurable if x is affiliated with Ai and there exists < A G R such that 
r (e' x l (A, oo)) < oo. The collection of all r-measurable operators is denoted by 
S (r). With respect to the strong sum and product, S (r) is a ^-algebra. 

2.2. Generalized singular value function and r-compact operators. For 

any x G S (r) its generalized singular value function /i (x) : [0, oo) — > [0, oo] is 
defined by setting 
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Note that fi (t; x) < oo for all t > and that is decreasing and right continuous. 
The set So (t) of all r-compact operators is defined by 

So ( r ) = {x ^ S (t) : linit^oo fi (<; x) = 0} . 

The set So ( r ) is a *-closed two sided ideal in S (r), which is closed for the measure 
topology [27]. Consider M = L°°([0, oo)) as an Abelian von Neumann algebra 
acting via multiplication on the Hilbcrt space H = L 2 (0, oo), with the trace given 
by integration with respect to Lebesgue measure m. It is easy to see that the set of 
all T-measurablc operators affiliated with M coincides with the set S(0, oo) of all 
measurable function on [0, oo) which are bounded expect on a set of finite measure, 
and that the generalized singular value function fj,(x), x € S(0, oo) is precisely the 
non-increasing right-continuous rearrangement of x given by 

x*(t) = inf {s ^ : m {{\x\ > s}) t) 

(see e.g. [13 E]). In this setting, the algebra So (r) coincides with the set So(0, oo) 
of all / e S(0, oo) such that /*(oo) := finite /*(*) = 0. 

If Ai = B(H) (respectively, Zqo(N)) and r is the standard trace Tr (respectively, 
the counting measure on N), then it is not difficult to see that S(r) = M.. In the 
first case, for x S S(t) by setting 

s(x) := {a n (x)}^ =1 , s n (x) = fx(t;x),t e (n - 1, n], n = 0, 1, 2, . . . , 

we recover the sequence s(x) of singular values of x (see e.g. jT2j [13l [24j) . In this 
case, So (r) is the set IC(H) of all compact operators on H . In the second case, 
when x is a sequence we denote by x* the usual decreasing rearrangement of the 
sequence |x| and identify fx(x) with x* . The algebra So (t) then coincides with 
the set Co of all vanishing sequences. For more details on the theory of r-compact 
operators we refer the reader to [HI [21j [25l [27] . 

2.3. Banach A^-bimodules. As before, we assume that (A4,t) is a semi-finite 
von Neumann algebra. We recall the following definition. 

Definition 4. A linear subspace E of S(r), equipped with a norm \\ ■ \\%, is called 
a Banach A4-bimodulc (of T-measurable operators) if 

(i) if uxv G E and ||ua;i>|| E < IMIg^ IMIb^) IMIe whenever ifiE and u, v £ 
M; 

(ii) (E, ||-|| E ) is a Banach space. 

It should be observed that any Banach .M-bimodulc E is *-closed and that 
x e S(t), y € E and \x\ < \y\ imply that i€E and \\x\\ E < \\y\\ E (see [IT]). 
We now recall two well known special cases of Definition [4] 

Definition 5. ideal £ in the von Neumann algebra M. equipped with a Banach 
norm \\ ■ \\g is said to be a symmctrically-normcd operator ideal if 

\\ASB\\ £ < \\A\\ \\S\\s\\B\\ for all Se£, A, B e M. 

An important and interesting class of Banach A^-bimodules is that of symmetric 
spaces of r-measurable operators on M . 

Definition 6. Let E(t) be a linear subspace in S(r) equipped with a norm \\ ■ \\e(t)- 
We say that E(r) is a symmetric operator space (on M., or in S(r)) if for any 
x g E(t) and every y £ S(r) such that n(y) ^ m( :c ); we have y € E(t) and 

IMU(t) < IklU(r)- 
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In the special case, when M. = B(H) and r is a standard trace Tr, the class 
of symmetric operator spaces introduced in Definition [6] coincides with that of 
symmetrically-normed operator ideals given in Definition [5] 

Let Li(0, 1) (respectively, L±(0, oo)) be the space of all intcgrable functions on 
(0,1) (respectively, on (0,oo)), ioo(0,l) (respectively, Loo(0,oo)) be the space of 
all essentially bounded measurable functions on (0,1) (respectively, on (0,oo)), l\ 
and /oo are the classical spaces of all absolutely summablc and bounded sequences 
respectively. 

Let E be a Banach space of real-valued Lebesgue measurable function either 
on (0,1) or (0, oo) (with identification m-a.e.) or on N. The space E is said to 
be absolutely solid if x G E and \y\ ^ \x\, y € 5(0, oo) implies that y G E and 
\\v\\e< Me- 

The absolutely solid space E C S is said to be symmetric if for every x G E 
and every y the assumption y* — x* implies that y G E and ||j/||_e = \\ x \\e (sec e.g. 
[17]). If E = E(0, 1) is a symmetric space on (0, 1), then 

ioo(0,l) CECL^l). 

If i? = -E(0, oo) is a symmetric space on (0, oo), then 

Li(0, oo) n Loo(0, oo) C E C Li(0, oo) + Loo(0, oo). 

If E = E(N) is a symmetric space on N, then 

l\ C E G /oq. 

There exists a strong connection between symmetric function and operator spaces, 
which extends classical Calkin correspondence between two-sided ideals of compact 
operators and Calkin subspaces in (see [5], or B. Simon's book, [MJ Theorem 
2.5]). For brevity, we assume that r(l) = 1 or else r(l) = oo (here, 1 is the identity 
inM). 

Theorem 7. [15l Theorem 8.11] (i) For every symmetrically-normed ideal E in 

£ := {x G B(H) : s(x) G i?}, ||x|| f := \\s(x)\\ E 

is a symmetrically-normed ideal in B{H). 

(ii) For every semifinite von Neumann algebra A4 with a faithful normal semifi- 
nite trace r and every symmetric space E — -E(0,t(1))), the set 

E(t) := {x G S(t) : »{x) G E], \\x\\ e(t) := \\[i(x)\\ E 

is a symmetric operator space on M.. 

If E = L p , 1 ^ p < oo, then (-B(r), || • ||_b(t)) coincides with the classical non- 
commutative Lp-space associated with the algebra ( M , r) . If M. is a semi-finite 
atomless von Neumann algebra, then the converse results also holds [3D]. That is, 
if F is a symmetric operator space on A4, then 

E(0, oo) := {/ G 5(0, 00):/*= fi(x) for some z G F}, \\f\\ E := ||a;|| F 

is a symmetric function space on (0,t(1)). It is obvious that F = E(M,t). 

Similarly, every symmetric operator ideal £ in M. defines a unique symmetric 
sequences spaces E = E(N) by setting 

E := {a = (a n )n=i £ loo ■ a* = s(x) for some x G £}, \\a\\ E := \\x\\ £ . 
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Let A be a complex algebra and E let be a bimodule on A. Recall that a 
derivation from A into E is a linear map S : A — > E such that 

<5 (••zy) =S(x)y + x6 (y) , x,y e A. 

If, in addition, A is a *-algcbra, E is a *-bimodule and the derivation <5 satisfies 
S(x*) = (S(x))* for all x G A, then it is called a ^-derivation. For every derivation 
5 : A — >• E of a *-algcbra A into a *-bimodulc E, we define mappings 8r c (x) := 
<5(x)+^0 ) £ Ini ^ := &(. x ) ; x g ^4 j s caS y to see that <5r c and <5i, n 

are ^-derivations on A, moreover S = <5r c + t<5i m . If a G A, then the mapping 
5 a : ^4 — > A, given by <5 a (x) = [a, a;], x € A, is a derivation. A derivation of this 
form is called inner. Similarly, a derivation 6 : A — > E such that S (x) = [a,x], for 
all x G A and some a G E is inner. 



3. Main Results 

Throughout this section Ai is a semifinite von Neumann algebra equipped with 
a faithful normal semifinite trace r. 

The following theorem is our hrst main result. It yields a positive answer to 
Question Q] (see also Corollary [S] below) in the general setting of r-compact ideals 
in von Neumann algebras. It is convenient to isolate the key algebraic property 
of such algebras which underlies our proof. Let p, q G V (M.). The projections p 
and q are said to be equivalent, if there exists a partial isomctry v G M., such that 
v*v = p, vv* = q. In this case, we write p ~ q. 

Theorem 8. Let {£, || • be an ideal of r-compact operators in M equipped with 
a Banach norm || • ||g so that (£,\\ ■ \\s) is a Banach M. -bimodule and let 5 be a 
derivation on £. Then 8 is a continuous mapping on {£, \\ ■ \\e). 

Proof. Without loss of generality, we may assume that 6 is a ^-derivation (see the 
end of the preceding section). Since (£, || • is a Banach space, it is sufficient 
to prove that the graph of 5 is closed. Suppose a contrary. Then there exist a 
sequence {an}^^ C £ and an element ^ a G £ such that a = a*, ||a„||g — > and 
||<5( a n) — a \\s ~ * as n — > co. 

Let a — a + — a_ be an orthogonal decomposition of a, that is a + ,a_ G £, 
a + ,a_ 0, and a + a_ = 0. Without loss of generality, we may assume that 
a + / 0, otherwise we consider the sequence {-a n }J° =1 . Since a G £ , there exists a 
projection p G M. such that pap ^ Xp for some A > 0. Replacing a n with ^ we 
may assume pap ^ p. Hence, for some operator c G M, we have p = c*papc G £. 

There are two possible cases: (i) there exists an atom ^ q G V(A4) such that 
q < p and (ii) the logic T(M) does not contain atoms q ^ such that q < p. In 
the case (i), we have q € £ and g < qaq. Since q is an atom, it follows qa n q = X n q, 
X n G C and wc immediately deduce that lim„_ ) . 0O A„ = from the assumption 
Il a n||£ — > 0. Observing that 

\\S(qa n q) - qS(a n )q\\ £ < 2\\5(q)\\M\\a n \\e ->■ 0, as n ->■ oo. 

we obtain a contradiction with the assumption q as follows 

<? < <?a<7 = || ■ \\e - nm S(qa n q) = || • |[ £ - lim S(X n q) = S(q) lim X n = 0. 

n— >oo n— >oo n— >oo 

In the case (ii), there exists a pairwise orthogonal sequence {e n }% D =1 c 7 ? (A / () 
such that ^ e„ < p, for all n > 1. Clearly, we have {e n }™ =1 G £ and e ra ae n > e n 
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for any n G N. Let {m n }^ =1 be any sequence of positive integers such that 

m n > (2n + l)/||e„||g, n > 1. 

Passing to a subsequence if necessary, we may assume without loss of generality 
that 

IKIU <m- 1 2" n , \\5(a n ) - a\\ £ < m^ 1 

and that 

\\a n \\ £ < nm~ 1 ||J(e„)||X^ 
whenever n > 1 is such that <5(e„) 7^ 0. Let us define an element 

00 

C . — ^ * Tn n GriQ'Ti6n G £ 
n=l 

where the series converges in the norm || • \\g, since we have \\m n e n a n e n \\£ < 2~ n . 
We intend to obtain a contradiction by showing that the norm ||£(c)||f is larger than 
any positive integer n. Indeed, fixing such n > 1, we have ||<5(c)||£ > ||e n i5(c)e n ||£ 
(due to the fact that £ is an .M-bimodulc) and 

||e„<S(c)e n ||£ = \\6(e n c)e n - S(e n )ce n \\£ = m n ||<5(e n a rl e„)e n - S(e n )e n a n e n \\e 
= m n \\e n 6(a n e n )e n \\£ = m n \\e n 8(a n )e n + e n a n S(e n )e n \\£ 

_ Win I! e n 

(S(a n ) - a) a n S(e n ) 

> m n (\\e n ae n \\ £ - \\e n (S(a n ) - a)e n \\ £ ) - m n \\a n \\ £ \\S(e n )\\M 

> m n (\\e n ae n \\ e - \\S(a n ) - a\\ £ ) - n 

> m n ||e„ae„|| f - 1 - n > m„||e„|| £ - 1 -n > n. 

This shows that 8 is a continuous mapping on (£ , \\ ■ \\s). □ 

Corollary 9. (i). Let (E, ||-||_e) be a symmetric space of measurable functions, such 
that E C So(0, 00) H -^^(O, 00) and let £ = E(t). Then any derivation 8 : £ —¥ £ is 
continuous with respect to the norm on £ given by \\x\\s = \\(i(x)\\e- 

(ii). Let E be a symmetric sequence space, M. = B(H) and £ be a symmetrically- 
normed ideal of compact operators on H generated by E. Then any derivation 
8 : £ — > £ is continuous with respect to the norm on \\ ■ \\ £ . 

Proof. Theorem [8] and Theorem [7] □ 

In the case when M. is commutative, the result of Corollary HJi) can be further 
strengthened. 

Theorem 10. Let M. be a commutative von Neumann algebra and let (£ , || • ||g) be 
a Banach ideal of t- compact operators in A4. Any derivation 8 on £ vanishes. 

Proof. First of all, we observe that 8(p) = for any p £ V{M). Indeed, this easily 
follows from applying 8 to p 2 and p 3 and comparing the results. Suppose that 
8(a) ^ for some a G M. Without loss of generality, we may assume 8* = 8, a* = a 
and so 8(a) G £ n M.h- Further, again without loss of generality we may assume 
S(a) + ^ and so there exists a projection 7^ p G V(M) such that 8(a)p > p. 
Obviously, p G £ and since 8(ap) = 8(a)p > p, we may assume that ap — a (in 
particular, 8(a) — 8(ap) = 8(a)p). Our next step is to show that we may also 
assume that a > 0. Let e_ = s(a_) < s(a) < p, e + = s(a + ) < s(a) < p. We have 
either e+ > 0, or else e_ > 0. In the first case, we set a = ae + , p = pe+, and in the 
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second case a = — ae_, 5 = —S, p = pe~. We have arrived to the following setting: 
£ 3 a > 0, ap = a, 5(a) > p > 0. There are two possible cases: (i) there exists 
an atom / q G V(M) such that q < p and (ii) the logic V(M) does not contain 
atoms q ^ such that q < p. In the case (i), we have q E £ and = Aq, where 
AgR. In this case, we obtain a contradiction as follows: 

= XS(q) = 5(Xq) = 5(aq) = S(a)q > q > 0. 

In the case (ii), there exists a pairwise orthogonal sequence {e n }^ =1 C V(M) 
such that ^ e„ < p, for all n > 1. Obviously, e„ € £ , n > 1. Fix < x G £ and 
define 

[x} = J2 ke x [k,k + l), 

0<k<\\x\\ M 

where e x is the spectral measure of the operator x. Clearly, < [x] < x and 
therefore [x] G £ . Since, [x] is a finite combination of projections from V(Ai) we 
have = 0. Thus, {x} := x — [x] G £, < {a;} < 1 and 5({a;}) = S(x). 

Let {rnnj^j be any sequence of positive integers such that ?n n ||e n ||£ > n. Let 
us define an element 

oo 

c = (so) - y^{TO»q}e» 

n=l 

(the series converges in the strong operator topology and \\c\\m < 1). We have 
c = cp E £ and therefore 

ll<Kc)IU = ll*(c)|| £ ||en||^ > ll^(c)e„|| £ = ||<5( C e„)|U 

= ||<5({m„a}e„)|| £ = ||<5({m„a})e„|| £ = \\S(m n a)e n \\ £ 
= m n \\S(a)e n \\s > m„\\e n \\ £ > n 
for any n G N. This contradiction proves that 5 = 0. □ 

The following theorem is our second main result. It answers Question [2] in the 
affirmative. 

Theorem 11. Let £ be a symmetrically-normed ideal in B(H). Then for any 
derivation 5 : £ — > £ there exists an operator d G B(H), such that 5(-) = 5d(-) '■= 
[d,-]. In addition, we have \\d\\s(H) — W^Ws^s- 

Proof. By Theorem [3 every symmetrically-normed ideal £ is defined by a symmet- 
ric sequence space E. Every such space E is continuously embedded into (see 
e.g. [17]), and this immediately implies that the embedding £ c B(H) is contin- 
uous. Without loss of generality, we may assume that the embedding constant is 
equal to 1. Fix an arbitrary vector £o £ H such that ||£o||i? = 1- Let pq := (£o, -)£,o, 
that is po is an orthogonal projection onto one-dimensional subspacc spanned by 
£o- Therefore p n G £. 

Let a G £ be such that a£o = 0. Then apo = and therefore 5(apo) = 0. In 
particular, if operators 61,62 G £ are such that &i£o = 62^0, then (b\ — 62)^0 = 
and therefore 5(bip n ) — Sfopo) = 8((bi — b 2 )po) = 0. Let us now set 

d(b£ ) := 6(bp )Z , b G £. 

The preceding comment shows that d is correctly defined. Since any element 77 G H 
may be written as 77 = b£,o, for some b G £ (it is sufficient to set b(-) := (-,£o) r /) 5 we 
see that the operator d is a well defined linear operator on H. 
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Next, observe that \bpo\ 2 = pob*bpo = (6*&£o, £o)po, and therefore \bpo\ = 
\\b£,o\\nPo yielding \\bp \\ £ = \\\bpo\\\ £ = \\\\b^ \\HPo\\s = ||^o||i?lbo||f for any b E £. 
To verify that d is a bounded operator on H, we firstly recall that by Theorem [5] 
we have \\S\\ := ||*|[5_>£ < oo and then write 

\\d(bt )\\ H = \\6{bpo)Zo\\H = \\S(b Po ) Po \\s\\p \\£ 1 < ||<y|| • HMdMlf 1 = 11*11 ' \HoWh. 

We conclude d E B(H) and < \\5\\. 

Finally, 

[d,x](b£ ) = dx(b£ )-xd(b£ ) = d(xb£ )-xd(b£ ) = S(xbp )£, ~x5(bp )(, = S(x)b^ , 
for any x, b E £, which means *(•) = [ef, ■]. □ 

The following theorem is a complement to our first main result. Its proof is very 
similar to that of Theorem [5J We provide an outline of the proof, indicating the 
differences. 

Theorem 12. Suppose that E is a Banach bimodule of r-compact operators. Let 
S: JVI — s- E be a derivation. Then 5 is a continuous mapping from (M., || ■ \\m) t° 

(E,Hk). 

Proof. Without loss of generality, we may assume that * is a *-derivation and, as in 
the proof of Theorem that the graph of * is not closed, in particular, that there 
exists a sequence {a n }^ =1 C M such that lim^oo ||a„||>i = 0, linin^oo ||*(a„) — 
a. 1 1 e = for some a = a* 0,a E E with a+ ^ 0. Since a+ E Sq(t) there exists 
a projection p E M such that r(p) < oo and M 3 pap ^ Xp for some A > 0. 
Replacing a n with ^ we may assume pap ^p£E. 

As in the proof of Theorem [5] there are two cases (i) and (ii). In the case (i) the 
proof is a verbatim repetition of the argument from Theorem [8l 

In the case (ii) we shall use the same sequence {e n }%Li as in Theorem [8l We 
have {e n }^ = i C E and e n ae n > e„ for any n £ N. Let {m n }'^ =1 be any sequence of 
positive integers as in Theorem [8] Passing to a subsequence if necessary, we may 
assume without loss of generality that 

\\a n \\M < «i r 7\ ll*K0 - a II e < m' 1 

and that 

||a„||M < ?im n ; 1 ||(5(e„)||E 1 
whenever n > 1 is such that *(e„) ^ 0. Let us define an element 

oo 

c := (so) - 2J m n e„a„e„ E A1 

n=l 

(the series above is composed of pairwise orthogonal elements whose operator norm 
does not exceed 1 , and therefore the series converges in the strong operator topology, 
in particular, \\c\\m < !)■ As in Theorem[51 we obtain a contradiction by showing 
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that the norm ||<5(c)|| E is larger than any positive integer n as follows: 
||<5(c)||e> ||e„tf(c)e„l| E 

= ||£(e„c)e„ - S(e n )ce n \\E = m n \\5(e n a n en)e n - S(e n )e n a n e n \\E 
= rn n \\e n 8(a n e n )e n \\-E = m n \\e n S(a n )e n + e n a n S(e n )e n \\ E 

> m n \\e n S(a n ) a n 5{e n )e n \\E 

> m n \\e„(S(a n ) - a)e n + e„ae„|| E - m„||a„||M||5(e n )||i: 

> m n (||e„ae„|| E - ||e n (5(a n ) - a)e„|| E ) - m n ||a„||^||5(e„)|| E 

> m n (||e„ae„|| E - \\6(a n ) - a|| E ) - m n ||a„|| M ||5(e„)|| E 

> m n ||e„ae„|| E - 1 - n > m n ||e n || E - l- n> n. 

□ 

Corollary 13. Let (E, \\ ■ \\e) be a symmetric space of measurable functions, such 
that E C So(0, oo). Then any derivation S : M. — > E(t) is continuous from (M, \\ • 
\\ M ) into (E(t), II • \\e(t))- 

Proof. Theorem [T2l and Theorem [7] □ 

The following corollary extends and complements results from [TJ [6] . It also 
relates to Question [3] and complements results in [4] . We refer for the definition 
and description of the algebra LS(M) of all locally measurable operators affiliated 
to M. used in the proof below to [B] and references therein. 

Corollary 14. Let M be a type L von Neumann algebra and let E be a Banach 
bimodule of t- compact operators. Any derivation 8: M. — > E is inner. 

Proof. Since the set of all linear combinations of projections in Z(M) is dense in 
Z(Ai) (with respect to the uniform norm), we infer that from Theorem [T21 that 
3\z(M) — 0- B y Theorem 4.8], there exists a derivation 6' : LS(M) — > LS(M) 
such that 5'\m = S. Hence, 8'\z(M) = an d by [TJ Theorem 2.1] the derivation 5' 
is inner. The assertion now follows from [71 Corollary 8]. □ 

Since any commutative von Neumann algebra is a type / von Neumann algebra, 
we obtain 

Corollary 15. Suppose that M. be a commutative von Neumann algebra and E is 
a Banach bimodule of r -compact operators. Any derivation 5 : A4 — > E vanishes. 

Our last main result in this note should be compared with some results from 
Qj5] (see e.g. [THl Theorem 14, Corollary 15]). In that paper, derivations from a 
von Neumann subalgebra TV of M. into L p -ideals of r-compact operators in A4 were 
studied. Our present approach allows us to treat derivations 6 : M — > E(t) under an 
additional assumption of their continuity (Theorem I16[) and arbitrary derivations 
S : M — > E{t) (Corollary [T7]). We believe that our techniques is of independent 
interest, since it does not depend on special geometrical properties of (noncom- 
mutative) L p -spaces underlying the proofs in [THj and allows us to treat a rather 
general class of Banach .M-bimodulcs of (unbounded) r-measurable operators. 

Let ^(O, oo) be a symmetric function space. Firstly, we observe that if M. is 
a semifinite von Neumann algebra acting in a separable Hilbert space -ff, then 
the symmetric space E(M 7 t) is separable if and only if £"(0, oo) is separable (see 
[Ml \M and Propositions 1.1, 1.2]). In this case, the dual space F := E(0, oo)* 
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is naturally identified with a symmetric space on (0, oo) I17j and we have F(Ai, r) = 
E(M,t)* (see [32j Proposition 2.8] and also [9]). Below, U(M) denotes the group 
of all unitary elements in Ai. 

Theorem 16. Let Ai be a semifinite von Neumann algebra equipped with a faithful 
normal semifinite trace r acting in a Hilbert space H and let E(t) be a symmetric 
operator space, which is dual (with respect to the duality given by (x,y) := r(xy)) 
to a symmetric space F(t) on Ai. Suppose that one of the following assumptions 
holds. 

(i) . The spaces H , E(t) and F(t) are separable Banach spaces; 

(ii) . The Banach space E{t) is reflexive. 

Then any continuous derivation 5 : Af — > E(r) from an arbitrary von Neumann 
subalgebra Af in Ai is inner, that is 5(x) = [d,x] for some d £ E(r). In addition, 
the element d can be chosen to satisfy \\d\\E < \\&\\ '■= ||<5||£_>£. 

Proof. We shall present the proof for the special case when Af = Ai, the proof of 
the general case is exactly the same. Let x £ E(t), u £ U(Ai). We set 

T u (x) := uxu* + 8{u)u* . 

Recall that 

(1) n(x) = n(uxu*), Vx £ E(t), Vu e U{M). 

Since 8{u) £ E{t) (and hence, obviously, S(u)u* £ E(t)), we obtain from ([T]) 
that T u (x) £ E(t) for every x £ E(t). The mapping T u is isometrical for any 
u £ U(M), since \\T u (x) - T u (y)\\ E(T) = \\u(x - y)u* \\ e(t) = \\x - y\\ E ( T ). We shall 
now prove that the mapping u — > T u is a group homomorphism sending U(Ai) 
into the subgroup of all isometries of the Banach space E(t). To this end, we 
have T u T v (x) = T u (vxv* + S(v)v*) = u(vxv* + S(v)v*)u* + S(u)u* = (uv)*x(uv) + 
uS(v)v*u* + S(u)vv*u* = (uv)* x{uv) + 5(uv)(uv)* = T uv {x). Finally, we note that 
T u is an afhnc mapping on E(t). Indeed, for any scalar a, we have T u (ax + (1 — 
a)y) = u(ax+(l — a)y)u* +6(u)u* = u(ax+(l — a)y)u* +a5(u)u* + — a)5(u)u* — 
aT u (x) + (1 - a)T u (y). 

In other words, we have just defined the action T of the group U{Ai) on the 
Banach space E(t) by affine isometries. Consider the set T{x) := {T u (x) : u £ 
U(Ai)}, the orbit of an element x £ E under the action T. We intend to consider 
the reduction of the action T on the orbit T(x) and on the weak or weak* closure of 
its convex hull. (Here, we use the abbreviation weak* closure to denote the closure 
in the a(E(r), F(r))-topology). It follows immediately from the construction and 
the definition that each orbit is invariant under the action T. Since T u is an affine 
mapping for every u £ U(Ai), the convex hull co(T(x)) of every orbit T{x) is also 
invariant under the action T . Now, take x = and observe that 

l|T u (0)|U (r) = \\5{u)u*\\ E[T) < \\S\\. 

Thus, the set T(0) and its convex hull co(T(0)) are contained in ||5||£a, where E\ is 
the unit ball of E{t). Suppose that the assumption (i) holds. By Banach- Alaoglu 
theorem, the set K, the weak* closure of the set co(T(0)), is also a bounded weak* 
compact subset of E(t). It is easy to check that T U (K) C K for any u £ U{Ai). 
Indeed, to this end we need only to check that r(yu*x a u) r(yu*xu) whenever 
i~(yx a ) -> r(yx) for {x a },x £ E{t) and any y £ F(t). However, the latter is 
immediate since uyu* £ F(t). We are now in a position to apply the Namioka- 
Phclps fixed point theorem (see [19l Theorem 15] and [HI Corollary 10]) which 
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guarantees that there exists an element d G K such that d = T u {d) = udu* + S(u)u* 
for all u G U(Ai), in particular, S(u) = du~ud = [d, u] for any u G U(M). Suppose 
that the assumption (ii) holds. In this case, the weak* topology on E(t) coincides 
with the weak topology and we infer the existence of an element d with the same 
property as above thanks to the Ryll-Nardzewski fixed point theorem (see e.g. [26]). 
Observe that in this case, we do not need a separability assumption imposed on 
E(t) and F(r) in (i) in order to justify the application of the Namioka-Phclps fixed 
point theorem. Since any element x G M. is a linear combination of unitaries, we 
conclude S(x) = [d, x] for any x G E(t). □ 

The following corollary follows immediately from Theorem [TC] and Corollary [T3[ 

Corollary 17. Let M. be a semifinite von Neumann algebra and E(t) be as in 
Theorem ] 16] Any derivation S : A4 — > E(t) is inner. 

We complete by observing that the assumption (ii) of Theorem \W\ is automati- 
cally satisfied when the symmetric function spaces E(0,oo) is reflexive [9]. 

Corollary 18. Let M. be a semifinite von Neumann algebra equipped with a faithful 
normal semifinite trace r and let 1 < p < oo. Then any derivation 5 : M — > 
L p (A4,t) is inner. 
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